I. INTRODUCTION
High-precision measurements of the Lamb shift in H-like [1, 2] and Li-like [3] [4] [5] uranium which provided tests of bound-state quantum electrodynamics (QED) with an unprecedented accuracy have triggered a new tide of interest in spectroscopy of highly charged ions both from experimental and theoretical sides. Perfect agreement of ab initio QED calculations of the 2p 3/2 − 2p 1/2 finestructure splitting in B-like argon [6] [7] [8] with the corresponding measurements [9, 10] illustrates the extremely fruitful joint effort of experimentalists and theorists in this direction. On the other hand, one should mention also the disagreement between the experiment and the most accurate to-date evaluation of the transition energies in He-like ions [11] . The discrepancy has been claimed on the grounds of the high-precision measurements with heliumlike titanium [12, 13] . This problem has motivated a series of new experiments to measure the X-ray transition energies in middle-Z He-like ions [14] [15] [16] [17] [18] . Recently, we have studied the contribution of the nuclear recoil effect to the energies of the ground and low-lying excited states in heliumlike ions [19] . It was shown that the nuclear recoil can not be responsible for this discrepancy. The work has to be continued in order to finally clarify the situation.
In the present work we study the binding energies of the singly excited states of Be-like ions which are also of experimental interest [9, [20] [21] [22] [23] [24] . There are many relativistic calculations of the energy levels in berylliumlike ions [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . These calculations include many-electron QED effects at best within some one-electron approximation. In Ref. [24] , where the intra-L-shell transitions in Be-like xenon have been investigated employing the process of dielectronic recombination, it was noted that different existing theoretical approaches show significant scatter of the results. A more rigorous treatment of the QED effects should improve the theoretical accuracy [33] . In our previous works [36, 37] we have performed ab initio QED calculations of the ground-state energies of Be-like ions, i.e., the energies for a system with the closed electron shells only. The developed method merges the rigorous QED calculations within the first and second orders of the perturbation theory including one-and many-electron QED contributions with the evaluation of the third-and higher-order electron-interaction effects in the framework of the Breit approximation. Later, the method was applied to the calculations of the ground-state ionization energies of B-like ions [8, 38] which represent the system with one valence electron. In the present work we have extended the approach developed for the closed shells and the one electron over the closed shells to the case of a single level with two valence electrons over the closed shell. With this method we have performed high-precision QED calculations of the 3 P 0 and 3 P 2 levels of the 1s 2 2s 2p electron configuration in 2 Be-like xenon. The development of ab initio QED approach for evaluation of the quasidegenerate levels 1 P 1 and 3 P 1 of the same electron configuration is in progress now.
In order to evaluate the binding energies of the excited states of Be-like ions, we employ also the alternative simplified approach in addition to ab initio method. Within the alternative numerical scheme the correlation effects are treated by the relativistic configuration-interaction Dirac-FockSturm (CI-DFS) method [39, 40] , while the QED corrections are considered using the model Lamb-shift operator [41, 42] . The approximate approach is similar to the procedure which was used for calculations of the core-excited states in lithiumlike ions with Z 36 in Refs. [43, 44] and for calculations of the energy levels in berylliumlike iron (Z = 26) in Ref. [33] . Employing the simplified approach we have evaluated the 1 P 1 and 3 P 0,1,2 energy levels of the configuration 1s 2 2s 2p in Be-like neon, iron, and xenon.
The relativistic units ( = c = 1) are used throughout the paper. The CODATA 2014 recommended values of the fundamental constants [45] are used: α −1 = 137.035999139(31) and
II. THEORETICAL APPROACH
The natural zeroth-order approximation to construct QED perturbation series for highly charged ions is provided by the jj-coupling scheme, in which unperturbed wave functions are constructed from the solutions of the one-electron Dirac equation
Choosing the potential V (r) in Eq.
(1) to be the potential of the nucleus V nucl (r) leads to quantum electrodynamics in the Furry picture [46] . This choice is not the unique possible way to determine the initial approximation. Indeed, one can take the potential V (r) to be a sum of the nuclear potential and some local screening potential modeling the interelectronic-interaction effects
This choice of the zeroth order approximation corresponds to the so called extended Furry picture.
Rearrangement of the perturbation series induced by the inclusion of the proper screening potential generally allows for the acceleration of the convergence of these series, since it involves the higherorder corrections partially. Obviously, that the counterterm δV (r) = −V scr (r) has to be calculated perturbatively in this case in order not to consider the screening effects twice.
In the present paper we have performed ab initio QED calculations of the [38, [47] [48] [49] .
In the jj coupling, the unperturbed wave functions of the The numerical procedure which we use in the present work for the calculations of the binding energies of the 1s 2 2s 2p 3 P 0,2 states is in general similar to the one described in details in Ref. [38] .
It involves the rigorous calculations of the contributions corresponding to the one-and two-photon Refs. [51, 52] . The third-and higher-order correlation effects are considered within the lowest-order relativistic (Breit) approximation. In the present work this contribution has been evaluated by the direct summation of the perturbation series in the framework of the recursive perturbation approach [38, 53] . Finally, one has to go beyond the so called external field approximation which treats the nucleus as a motionless source of the electrical field with an infinite mass and account for the contribution due to the nuclear recoil effect. In order to do so, we have extended the method 4 applied in Ref. [19] to the calculations of the energies of He-like ions to the case of Be-like ions.
For comparison, we have also performed approximate (non-ab-initio QED) relativistic calculations of all the possible levels of the 1s 2 2s 2p configuration. The calculations are based on the application of the large-scale CI-DFS method [39, 40] , which treats the interelectronic interaction within the Breit approximation. In order to account for the QED and recoil effects, we include three corrections to the no-pair Dirac-Coulomb-Breit (DCB) Hamiltonian underlying the CI-DFS method. The first correction is the frequency-dependent (ω-dependent) part of the Breit interaction in the Coulomb gauge. The nuclear recoil effect is calculated within the leading-order relativistic approximation and to all orders in 1/Z. For this aim, the relativistic recoil operator [54, 55] has been averaged with the many-electron CI-DFS wave functions, see Refs. [40, 56] for details. Finally, the radiative QED effects been estimated with the use of the model QED operator approach (QEDMOD) [41, 42] . This approach is much simpler and less accurate than the full-scale QED calculations, but it provides remarkably well results.
III. NUMERICAL RESULTS AND DISCUSSION
In the present section we discuss our results obtained for the binding energies of Be-like ions.
The individual contributions to the binding energies of the 1s 2 2s 2p electron configuration in berylliumlike xenon evaluated starting from the Coulomb nuclear potential and with the LDF and CH screening potentials are shown in Table I for the 3 P 0 level and in Table II for 3 P 2 level. In both tables the first line presents the zeroth-order value of the binding energy calculated using the one-electron Dirac energies from Eq. (1). The Fermi model with a thickness parameter equal to 2.3 fm has been used to describe the nuclear charge distribution. The root-mean-square radii were taken from Ref. [57] . In the second row the first-order interelectronic-interaction contribution evaluated in the framework of the Breit approximation is given. The correction due to the energy dependence of the interelectronic-interaction operator is shown in the third line. The next two rows contain the second-order electron-electron interaction correction within the Breit approximation and the corresponding QED correction E
int,QED . We note, that the second-order value E (2) int,Breit was obtained by calculating at zero-energy transfer in the Coulomb gauge with the negativeenergy continuum contribution neglected. This approach to the Breit approximation differs, e.g., from the one used in Ref. [58] , where the Breit part of the interelectronic-interaction operator was treated to the first order only and the negative-energy Dirac spectrum was partly taken into account. In the fifth line we present the third-and higher-order correlation effects evaluated 5 within the Breit approximation by means of the recursive formulation of the perturbation theory.
As in case of the second-order correction, the exchange by the Breit photons has been considered to all orders. The contributions of the first-and second-order one-loop self-energy and vacuumpolarization Feynman diagrams are collected in the next two rows. The last presented contribution within the external field approximation corresponds to the one-electron two-loop diagrams, it is labeled as E
2loop . The contributions due to the nuclear recoil effect calculated within the lowestorder relativistic approximation and the QED recoil effect are given in the rows E recoil,Breit and E recoil,QED , respectively, see Ref. [19] The deviations from the Coulomb results were used in order to estimate the uncertainty associated with the uncalculated higher-order QED effects.
Our final theoretical predictions for the binding energies of the 3 P 0 and 3 P 2 levels of the electron configuration 1s 2 2s 2p in berylliumlike xenon which have been obtained with the use of ab initio method are given in Table III . The results of the approximate calculations are also given. The uncertainties indicated in the brackets are mainly due to the approximations employed in the calculations of the two-loop contributions [51, 52] , the uncertainty of the third-and higher-order interelectronic-interaction effects evaluation, and an estimation made for the uncalculated higherorder QED corrections.
In order to perform a more comprehensive analysis of the results obtained by ab initio method, in Table IV we present the transition energy from the 1s 2 2s 2p 3 P 2 state to the 1s 2 2s 2 1 S 0 ground one for Be-like xenon. The result evaluated with the use of the alternative approximate approach is shown as well. The transition energy was calculated by subtracting the binding energy of the ground state from the binding energy of the state under consideration. In order to do so, we have recalculated the ground-state binding energy with ab initio method employed in the present work instead of using the value presented in Ref. [36] . There are two main reasons for it. In Table IV , we compare our theoretical prediction for the 2s 2p 3 P 2 − 2s 2 1 S 0 transition energy 365.341 Gu et al. [29] 364.904 Safronova et al. [25] with the results of the previous relativistic calculations and the high-precision measurement. The discrepancy with the experimental value by Bernhardt et al. [24] is observed. The reason of this discrepancy is unclear to us now. The approximate value is surprisingly closer to the experiment than our ab initio result. It is likely an accidental coincidence, since the uncertainty of the approximate approach is significantly larger than the uncertainty of ab initio method. As it was noted above, numerous theoretical results for the 2s 2p 3 P 2 − 2s 2 1 S 0 transition energy demonstrate the significant scatter. The best agreement with our value is found for the calculations performed by U. Safronova [27] . We note that the result of the previous evaluation accomplished by the same authors lies further from our one [25] . Nevertheless, it is expected that our theoretical predictions obtained within ab initio method must have higher accuracy compared to the previous calculations, since we have evaluated the many-electron QED corrections rigorously without the application of any one-electron or semiempirical approximation.
In Table V we compare the theoretical energies of the transition from the 1s 2 2s 2p 3 P 2 state to the 1s 2 2s 2p 3 P 0 state in berylliumlike xenon. This transition energy does not depend on the ground-state binding energy. As a result, the perturbation theory converges better, and this transition can be studied to a higher accuracy. Indeed, from Table V one can see that this is the case. The scatter of the results obtained in the framework of the different calculations is much smaller than for the 2s 2p 3 P 2 − 2s 2 1 S 0 transition energy in Table IV .
Let us now discuss in more details the results obtained with the use of the approximate method.
The individual contributions to the binding energies of the 1s 2 2s 2p electron configuration in berylliumlike neon, iron, and xenon are shown in Tables VI, VII , and VIII, respectively. In all tables the first line presents the Dirac-Coulomb-Breit energy E int,Breit evaluated by means of the CI-DFS method. All presented digits are relevant within the approach under consideration. In the second row the frequency-dependent Breit correction E int,Breit-fr is given. We note that in the present work, on the contrary to the approach sometimes used in the literature, see, e.g., Ref.
[59], we do not construct the whole CI matrix with the frequency-dependent Breit interaction included in order to obtain this correction. Instead, we apply the frequency-dependent Breit interaction for the reference-configuration-state functions only, as it was suggested in Ref. [43] . The correction due to the radiative QED effects E QEDMOD which was obtained within the model QED operator approach is shown in the third line. The uncertainty associated with the approximate treatment of the Lamb shift can be estimated properly only after the thorough comparison with the rigorous calculations. Based on the comparison of the approximate results with the results of ab initio QED calculations for berylliumlike xenon and data from Refs. [33, 60] for berylliumlike argon and iron we can conclude that uncertainty of the model QED operator approach for the low-lying states of middle-and low-Z berylliumlike ions does not exceed 2%. The contribution due to the nuclear recoil effect evaluated within the leading-order relativistic approximation and to all orders in 1/Z is given in the row labeled E recoil,Breit . Finally, the total values of the binding energies of the low-lying singly excited stated in beryllilike neon, iron, and xenon are presented in the last lines of the Tables VI, VII , and VIII, respectively. One can see that the results of the calculations performed by approximate method are in reasonable agreement with ab initio QED calculations performed for Be-like xenon. We also note that the approximate approach allows one to carry out calculations for (quasi)degenerate states in the same manner as for single states.
IV. SUMMARY
To summarize, in this paper we have evaluated the binding energies of the 3 P 0 and 3 P 2 levels of the 1s 2 2s 2p electron configuration in berylliumlike xenon. Employed ab initio method combines the rigorous treatment within the first and second orders of the QED perturbation theory with the third-and higher-order interelectronic-interaction contributions calculated in the framework of the lowest-order relativistic approximation. The QED nuclear recoil effect has been evaluated using the independent electron approximation. The approximate method which is based on the configuration-interaction Dirac-Fock-Sturm method merged with the model QED approach has been applied to the calculations of the energy levels of the selected berylliumlike ions as well.
The obtained theoretical predictions are compared with the results of the previous relativistic calculations and experiment. The discrepancy between the result of our ab initio calculation and the experimental value is found out. Further work both from theoretical and experimental sides is urgent in order to clarify the reasons of this discrepancy. 
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